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Motivation: Control of Probability Distributions
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Motivation: Control of Probability Distributions
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This Work: Optimal Covariance Control
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This Work: Optimal Covariance Control




Current State-of-the-art

Well-investigated in discrete time

Balci and Bakolas, LCSS 2020

Balci, Halder and Bakolas, CDC 2021
Yin et al., ICRA 2022

Saravanos et al., IROS 2024

Morimoto and Kashima, LCSS 2024

Less investigated in continuous time
Halder and Wendel, ACC 2016

- derived matrix BVP for LQ case with optimal transport terminal cost + shooting method
- design of custom algorithm remains open

Hoshino, CDC 2023

- derived FBSDE for nonlinear non-Gaussian case with optimal transport terminal cost
- did not investigate numerical solution




LQ Optimal Control Problem Formulation

Linear controlled dynamics:

dazt — AtiBt dt + Bt'ul,t dt -+ Bt dwt

State Input Process noise

Average quadratic cost-to-go:

t1
inf qb("l’l) Zlaﬂd, Zd) _|_/ i (”’u’tH% + w:Qtwt)dt
t

u;cU 5

| |
Terminal cost Average cost-to-go




LQ Optimal Control Problem Formulation

Linear controlled dynamics:

dmt — Atwt dt + Btut dt -+ Bt dwt

Average quadratic cost-to-go:

t1
inf ¢ (w1, X1, pa, 34g) +/ (|l + 2, Quay)dt
t

U+t clU 0

Standing assumptions:

( A, Bt) c R™" « R™™ isuniformly controllable, bounded

and continuous w.r.t. time ¢

Q: = 0Vt e [ty,t1], o, Xq >0
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Choice of the Terminal Cost ¢ (ﬂl, 2,1, 2 d)

This work: Squared Frobenius a.k.a. Hilbert-Schmidt norm

1 1 ,
5”“’1 — ”’dH% T 5”21 — 2dHFrobenius

Prior work: Squared Wasserstein a.k.a. Optimal Transport Cost

1 1 1 1N\ 3
=l — pal3 + 5 trace (21 +3,—2(ziz.=}) )

Halder and Wendel, ACC 2016




Recap

Frobenius a.k.a. Hilbert-Schmidt inner product

(W) := trace (W' ) = 2, M;

Norm induced by this inner product
2
(. m) = |Im]

Generalizes squared Euclidean distance between vectors
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The Optimal Controller with Our Terminal Cost

From standard LQ theory: u?pt — KOpt T4 + v OPt

Feedback Feedforward
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The Optimal Controller with Our Terminal Cost

From standard LQ theory: u?pt — Kopt T4 + Opt

Decoupling of mean and covariance control:

I“l’:j)pt . [ At —BtB;r] ,,l,;)pt
o =Bl (P )\ le -l IAam

t t
. i 0P t
po € R given, 27> = -

K> =B/ P™
-
ngt (At B BtBTPopt)zgpt n ngt (At B BtBtTPtopt) n BtB;r

. Ptopt _ A;l— Ptopt 4 Ptopt At . Ptopt Bt B;]' Ptopt 4 Qt
3 > Ogiven,
P =3" 3, 3, >~ Ogiven.
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Rest of this Talk

Focus on covariance control design:
opt T yopt
Kt o _Bt Pt
. T
SP = (A, - BB P” )3 + 27 (A, - B,B/ ™) + B,B]

3 > Ogiven,
P =3P 3, B, >~ Ogiven.

Coupled Lyapunov-Riccati nonlinear matrix ODE BVP

Our contribution: design numerical algorithm with guarantees to solve this system
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Geometry of Our Matrix ODE BVP
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Geometry of Our Matrix ODE BVP
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Idea

Change of variable X; — H;

H,=%'-P

From Lyapunov-Riccati to Riccati-Riccati system:

—Ptopt :A;Ptopt‘FPtoptAt _PtoptBtB;rPtopt+Qt
_Ht — A;Ht —I— HtAt —|_ HtBtB;I_Ht - Qt
H,=3%,'- Py
H = (P +3%;) '— P
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Proposed Fixed Point Recursion: First Cut
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Proposed Fixed Point Recursion: First Cut
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Mappings P, —» P,, H, — H,

A, -B,BJ

Let M, .= _Q, —A;r

State transition matrix for this 2n X 2n Hamiltonian matrix:
0, ®(s,t) = M(t)P(s,t), P(s,s)=1

P;; P ] L [ ®11(to,t1) Pi2(to, 1)

Consider mild abuse of notation: [ By, Bo Do (tg,t1) Poo(to,t1)

Thm. Desired maps have bijective linear fractional transform representations:

Py = (P1®s — @22)_1 (®o1 — P P1q)

H, = — (%], - Ho®},) (2], - Ho®p,)
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Mapping H, — P,

We have 4
H, =P +3%;) —P

This is equivalent to either of

I=%,(P,+H;)= (P +3X4) (P, + Hy)
I=(P +H)% =P+ H,) (P + X4)

Which is equivalent to either of

P} +PH +3;P,+(X4H, -1 =0
P} +PXy+H P +(HX;—1)=0

Effectively one equation in one symmetric unknown P,

But which of them or equivalent of them is suitable for our recursion?
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Mapping H, — P,
One natural equivalent is linear (Sylvester’s equation):

(H1 —2g)Pr+ P (3, — H,) =%3H, — H Xy

Thm. Given H, € §", X, € Sl ,, there exists non-unique P, € S" solving above
1 d ++ q 1 8
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Mapping H, — P,
One natural equivalent is linear (Sylvester’s equation):

(Hy, — £4)P, + P,(Sq — Hy) = S.H, — H,%,

Thm. Given H, € §", X, € §" |, there exists non-unique P, € S" solving above
1 d ++ q 1 8

Valid candidate solutions:

—H,, — X, solution of the linear system:

(I®(H;—323)) — (H —3y3) ® I))vec(Py) = vec(XsH, — H1X,)

: —1 :
But for these solutions, (P; + 24) may not exist

They also fail to make proposed recursion converge!!
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Mapping H, — P,
Other natural equivalent is the quadratic equation:

H,+X H,+X . H, + HX
P12+P1( 1-2|- d)_l_( 1-2|- d)P1+< d 1; 1 d—I)zO

Thm. Given H, € §", X, € S |, there exists non-unique P, € S" solving above.
Among them, the only stabilizing solution is

1
stab H 2 H —2 2 ’
P1EP1t=— 1+ 244 | (( 1 d>+1)

2 2

We prove that for this solution (P + X4) 1 exists

We also prove that this solution makes the proposed recursion converge!!
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Mapping H, — P,

Stabilizing (resp. anti-stabilizing) solution for CARE
P,BP,+ PA+A'P,-C=0
is one that makes the closed-loop spectrum

spectrum (—fi — BBTPl) c C™ (resp. C+)

All solutions P, € S" of our CARE satisfy the conic ordering;:

Plantistab j 131 j Plstab

In general, P2utistab  pstab are gion-indefinite
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Proposed Fixed Point Recursion: Final Cut

PO c S

linear fractional transform

(P @12 — ‘1’22)—1 (P9 — P1P1y)

P1€ Sn HOG Sn

linear fractional transform

2(®], - Ho®ly) (%5, — Ho®s)

Hi+3y _'_((Hl_zd

Hl c N
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P()(Q’ 2)

Proposed Fixed Point Recursion: Convergence

Thm. Let F} (X) := Eal — X,
=
F (X) = ((I)Il — X‘I’L) ((I)gl — X‘I’;rz)

F;(X) = —ngd + ((X_de)2+I>

Fy(X):=(X®1p— Po) (P — XB11),

in variable X € §". Then F' := F, o0 F30 F5 o F} has unique fixed point in S".

Also, the recursion Py — (Py),,., = F (Po) converges to it for a.e. P, € S".

P0(27 2)
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Numerical Case Study: Noisy Double Integrator

Controlled SDE: Parameters: Qt = I 5

- 4.7295 1.9951

dz1p = Lo di, 0= 19951 3.6157 |

Ut dt -+ dwt

dith _ _
1.1189 0.7780

~ | 0.7780 1.7407

[terates of P,
=

0 10 20 30 40 50 60
Recursion index
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Numerical Case Study: Noisy Double Integrator
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Numerical Case Study: Noisy Clohessy-Wiltshire

Chaser
N (z,9,2)

Pl Controlled SDE:

. dz1t = @oy dt,

” dxoy = (31/25131t + 2vz4t + Ult) dt 4+ dwsy,
: dzz; = x4 dt,

| dza = (—2vxe: + uge) dt + dway,

DT dxs; = xe: dt,

dze: = (—I/2335t + U3t) dt + dwsy,

Parameters:

" v = +/p/a® = 1.1276x 102 rad/s
C?t = -[’

[terates of P,

01

100

200 300
Recursion index

400
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5.9148
3.8100
2.5815
2.1795
4.1628
1.9270

1.6431
1.1138
1.5453
1.1729
1.2916
0.4077

3.8100
5.5664
2.8501
2.1819
3.8496
3.3638

1.1138
1.9581
1.4418
1.0926
1.2408
0.4495

2.5815
2.8501
3.3834
1.5591
2.5389
2.3088

1.5453
1.4418
3.9142
1.9928
2.0221
1.5553

2.1795
2.1819
1.5591
3.5850
2.6187
2.0098

1.1729
1.0926
1.9928
2.1027
1.3448
0.9645

4.1628
3.8496
2.5389
2.6187
5.1285
2.9639

1.2916
1.2408
2.0221
1.3448
1.7077
0.7830

1.92707
3.3638
2.3088
2.0098
2.5639
5.4354

0.4077]
0.4495
1.5553
0.9645
0.7830
1.5008
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Numerical Case Study: Noisy Clohessy-Wiltshire
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Summary

Advances the state-of-the-art for solving LQ covariance control with terminal cost

Proposes fixed point recursion with convergence guarantee

[llustrates practical computation using two numerical case studies

Research products:
arXiv:2510:21944 [Under review in I[EEE TAC] [To be presented in AIAA Regional Conf, 2026]

Generative Profiling for Soft Real-time Systems and its Applications to Resource Allocation
[Accepted in IEEE Real-Time and Embedded Technology and Applications Symposium (RTAS), 2026]

Rasco: Resource Allocation and Scheduling Co-design for DAG Applications on Multicore
[Published in ACM Transactions on Embedded Computing Systems, 24(5s), pp. 1-27, 2025]
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Ongoing and Future Works

Optimal transport terminal cost:

OT (X¥,3,) = trace (21 + g — 2(2172d217) 5)

Bregman Divergence D,, : ST, x S, — R>( terminal costs:

Bregman divergence induced by mirror map ¢ : ST, — R

Dy(S1,54) = $(S1) {w(m ¥ < - zd>}

P Dy

1X I | X — Y%
trace(Xlog X — X))  trace(Xlog X — XlogY — X +Y)
—logdet X trace(XY 1) — logdet(XY 1) —n
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Necessary Conditions of Optimality

We construct the Hamiltonian as follows:
H (pe, ze, B¢, Py, Ky, vp) = (21, (Ay + B Ky) iy + Byoy)

-+ <2t +pep KK, + Qt> + 20, Kypy + v, v,

" <Pt, (As + B KD X 4 33 ( Ay + B K+ BtBtT> .
Applying Pontryagin’s minimum principle to the above Hamiltonian:

o _ _OH
L Oz
Sopt - OH
© op
: OH
PLOPL - op
o™
H
z?pt - = J opt
Opsy
OH 0 op 0
0 — T _ (KLPL - BLTPLIL) Etpt
L
JH op 0 0 op
= Hv°Pt — (IULIt _ BLTPL pt“tpt " BLTZ!H)
L
do
opt
2z —
boop™
Popt o (()(,'5

5
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Properties of State Transition Matrix

The blocks of the state transition matrix satisfy the following identities:
P Boy — Py B1p =1
P, By — Py, B =0
P, B — P Py =0
P Py, — PPy, =1
P1,®, — PP, =0

Py By — Pop®), =0

Furthermore, @11 and @5 are invertible.
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Mapping H, — P, (Contd.)

Stabilizing (resp. anti-stabilizing) solution for CARE
P,BP,+ PA+A'P,-C=0

is one that makes the closed-loop spectrum

spectrum (—fi — BBTPl) c C™ (resp. C+)

for our CARE, the LTI pair is
Hy + 3y

(4.B) = (7

;
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