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Motivation: Control of Probability Distributions
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This Work: Optimal Covariance Control
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Current State-of-the-art
Well-investigated in discrete time

Less investigated in continuous time
Halder and Wendel, ACC 2016

- derived matrix BVP for LQ case with optimal transport terminal cost + shooting method
- design of custom algorithm remains open 

Hoshino, CDC 2023

-   derived FBSDE for nonlinear non-Gaussian case with optimal transport terminal cost
-   did not investigate numerical solution 

Balci and Bakolas, LCSS 2020

Balci, Halder and Bakolas, CDC 2021

Yin et al., ICRA 2022

Saravanos et al., IROS 2024 

Morimoto and Kashima, LCSS 2024
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LQ Optimal Control Problem Formulation
Linear controlled dynamics:

State Input Process noise

Average quadratic cost-to-go:

Average cost-to-goTerminal cost
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LQ Optimal Control Problem Formulation
Linear controlled dynamics:

State Input Process noise

Standing assumptions:

is uniformly controllable, bounded 
and continuous w.r.t. time 

Average cost-to-goTerminal cost

Average quadratic cost-to-go:
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Choice of the Terminal Cost ϕ (μ1, Σ1, μd, Σd)
This work: Squared Frobenius a.k.a. Hilbert-Schmidt norm

Prior work: Squared Wasserstein a.k.a. Optimal Transport Cost

Halder and Wendel, ACC 2016
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The Optimal Controller with Our Terminal Cost

From standard LQ theory: 

Feedback Feedforward
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From standard LQ theory: 

Decoupling of mean and covariance control:
Feedback Feedforward

Feedback gain

Feedforward gain

The Optimal Controller with Our Terminal Cost
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Rest of this Talk

Focus on covariance control design:

Feedback gain

Coupled Lyapunov-Riccati nonlinear matrix ODE BVP

Our contribution: design numerical algorithm with guarantees to solve this system
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Geometry of Our Matrix ODE BVP
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Geometry of Our Matrix ODE BVP

*
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Idea
Change of variable 

From Lyapunov-Riccati to Riccati-Riccati system:

Achieves ODE-level decoupling but boundary conditions remain coupled
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Proposed Fixed Point Recursion: First Cut

invert the map forw
ard integrate

backward in
teg

rate
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Proposed Fixed Point Recursion: First Cut

invert the map forw
ard integrate

backward in
teg

rate

Multi-valued symmetric inverse

Which solution to use? Can it b
e replaced by an algebraic m

ap?

Can it b
e replaced by an algebraic m

ap?

17



Mappings P1 ↦ P0, H0 ↦ H1

Let

State transition matrix for this  Hamiltonian matrix: 2n × 2n

Consider mild abuse of notation:

Thm. Desired maps have bijective linear fractional transform representations:
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But which of them or equivalent of them is suitable for our recursion?

Mapping H1 ↦ P1

We have

This is equivalent to either of

Which is equivalent to either of

Effectively one equation in one symmetric unknown P1
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Mapping H1 ↦ P1

   One natural equivalent is the quadratic equation:

This is a special instance of Continuous-time Algebraic Riccati Equation (CARE)

Thm. Given  there exists non-unique  solving above.
Among them, the only stabilizing solution is

H1 ∈ 𝕊n, Σd ∈ 𝕊n
++, P1 ∈ 𝕊n

We prove that for this solution                            exists 

We also prove that this solution makes the proposed recursion converge!!
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Mapping H1 ↦ P1

Stabilizing (resp. anti-stabilizing) solution for CARE 

All solutions  of our CARE satisfy the conic ordering:P1 ∈ 𝕊n

In general,                                are sign-indefinite

is one that makes the closed-loop spectrum
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Proposed Fixed Point Recursion: Final Cut
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Proposed Fixed Point Recursion: Convergence

Thm.  Let

in variable  Then                                             has unique fixed point in X ∈ 𝕊n . 𝕊n .

Also, the recursion                                                 converges to it for a.e. P0 ∈ 𝕊n .
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Numerical Case Study: Noisy Clohessy-Wiltshire
Controlled SDE:

Parameters:
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Numerical Case Study: Noisy Clohessy-Wiltshire
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Summary

Advances the state-of-the-art for solving LQ covariance control with terminal cost

Proposes fixed point recursion with convergence guarantee

Illustrates practical computation using a numerical case study 
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Ongoing and Future Works

Optimal transport terminal cost:

Bregman Divergence                                                   terminal costs:

Bregman divergence induced by mirror map 

This thesis
Quantum relative entropy
Kullback-Leibler divergence
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Thank You
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Backup Slides
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Recap

Frobenius a.k.a. Hilbert-Schmidt inner product

⟨ , ⟩ := trace ( )

Norm induced by this inner product

∥ ∥2⟨ , ⟩ =

⊤ = ∑
i,j

ij ij

Generalizes squared Euclidean distance between vectors

33



Necessary Conditions of Optimality
We construct the Hamiltonian as follows:

Applying Pontryagin’s minimum principle to the above Hamiltonian:

34



Properties of State Transition Matrix

The blocks of the state transition matrix satisfy the following identities:

Furthermore,          and           are invertible.
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Thm. Given  there exists non-unique  solving aboveH1 ∈ 𝕊n, Σd ∈ 𝕊n
++, P1 ∈ 𝕊n

Mapping H1 ↦ P1

One natural equivalent is linear (Sylvester’s equation):

Valid candidate solutions:

−H1, − Σd, solution of the linear system:

But for these solutions,                           may not exist

They also fail to make proposed recursion converge!!
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Mapping  (Contd.)H1 ↦ P1

Stabilizing (resp. anti-stabilizing) solution for CARE 

is one that makes the closed-loop spectrum

for our CARE, the LTI pair is
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Numerical Case Study: Noisy Double Integrator
Controlled SDE: Parameters:
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Numerical Case Study: Noisy Double Integrator
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